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Abstract
We say a graph G has a Hamiltonian path if it has a path containing all vertices of G .
For a graph G , let σ2(G ) denote the minimum degree sum of two nonadjacent vertices
of G ; restrictions on σ2(G ) are known as Ore-type conditions. Given an integer t ≥ 5, we
prove that if a connected graphG on n vertices satisfiesσ2(G )>
t−3
t−2n , thenG has either a
Hamiltonian path or an induced subgraph isomorphic to K1,t . Moreover, we characterize
all n-vertex graphs G where σ2(G ) =
t−3
t−2n and G has neither a Hamiltonian path nor an
induced subgraph isomorphic to K1,t . This is an analogue of a recent result by Momège [6],
who investigated the case when t = 4.
1 Introduction
Given a graphG , let V (G ) and E (G ) denote the vertex and edge set, respectively, ofG . Also, let
c (G ) and p (G ) denote the number of vertices on a longest cycle and path, respectively, in G .
We say a graphG has a Hamiltonian cycle ifG has a cycle containing all vertices ofG ; in other
words, c (G ) = |V (G )|. Similarly, a Hamiltonian path is a path containing all vertices.
Since it is NP-complete to determine if Hamiltonian cycles exist in graphs, finding sufficient
conditions for a graph to have a Hamiltonian cycle is of great interest, to the extent that it
has formed an entire branch of extremal and structural graph theory. We dare not provide a
summery of the vast history related to Hamiltonian cycles and paths, but we refer the readers
to excellent surveys [2, 3, 4, 5]. We will however state two celebrated results.
In the literature, a Dirac-type condition typically refers to a lower bound on the minimum de-
gree of (a vertex of) a graph. This stems from the following classical result by Dirac, who proved
a sharp lower bound on the minimum degree that guarantees a Hamiltonian cycle.
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Dirac’s Theorem ([1]). If G is a graph on n ≥ 3 vertices satisfying that each vertex has degree at
least n2 , then G has a Hamiltonian cycle.
Another important condition considered in the literature is an Ore-type condition, which is a
lower bound on the minimum degree sum of two nonadjacent vertices. As usual, let σk (G ) =
min{deg(x1)+ · · ·+deg(xk ) : x1, . . . , xkare pairwise nonadjacent}; therefore, an Ore-type condi-
tion is a lower bound on σ2. Strengthening Dirac’s Theorem above, Ore proved a sharp lower
bound onσ2 that guarantees a Hamiltonian cycle.
Ore’s Theorem ([7]). If G is a graph on n ≥ 3 vertices satisfyingσ2(G )≥ n, thenG has a Hamil-
tonian cycle.
It is not hard to deduce a sharp Dirac-type condition and a sharp Ore-type condition that guar-
antee Hamiltonian paths using Dirac’s Theorem and Ore’s Theorem.
Very recently, Momège [6] proved that there exists an Ore-type condition that guarantees a
connected graph to have either a Hamiltonian path or an induced subgraph isomorphic to
K1,4. The exact statement is the following:
Theorem 1.1 ([6]). If G is a connected graph on n vertices satisfying σ2(G ) ≥ 23n, then G has
either a Hamiltonian path or an induced subgraph isomorphic to K1,4.
Our main result is in the spirit of the aforementioned result. For an integer t ≥ 5, we prove
a sharp Ore-type condition that guarantees the existence of either a Hamiltonian path or an
induced subgraph isomorphic to K1,t . Our main result is the following:
Theorem 1.2. For an integer t ≥ 5, if G is a connected graph on n vertices satisfying σ2(G ) >
t−3
t−2n, then G has either a Hamiltonian path or an induced subgraph isomorphic to K1,t .
The threshold on the Ore-type condition is sharp, as one can see from the following example:
Fix t ≥ 5, and let Ht be a copy of Kt−3,t−1. The graph Ht is a connected graph on 2t −4 vertices
satisfying σ2(Ht ) = 2(t − 3) = t−3t−2 (2t − 4). Note that Ht has neither a Hamiltonian path nor an
induced subgraph isomorphic to K1,t .
Furthermore, for t ≥ 5, we actually show that all sharpness examples for Theorem 1.2 must be
the join of a graph on t − 3 vertices and t − 1 pairwise nonadjacent vertices; for more details,
see Section 3. We end this section with two lemmas, which appeared in [6], that will be used
in our proof of Theorem 1.2 in Section 2.
Lemma 1.3 ([6]). Let G be a graph on n vertices and 1≤ k ≤ n −1. Thenσk+1(G )≥ k+1k σk (G ).
Lemma 1.4 ([6]). Let G be a connected graph on n vertices with σ3(G ) ≥ n and p (G ) ≤ n − 1.
Then
(a ) c (G ) = p (G )−1
(b ) If C is a longest cycle of G , then for all v in V (G ) \V (C )we have NG (v )⊂V (C ).
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2 Proof of Theorem 1.2
Let G be a connected graph on n vertices satisfying σ2(G ) >
t−3
t−2n for some integer t ≥ 5. As-
sume G has no Hamiltonian path, so our goal is to prove that G has an induced subgraph
isomorphic to K1,t . Let C = c1c2 . . . cm c1 be a longest cycle of G . By Lemma 1.3, we know
σ3(G ) > n since t ≥ 5 and σ3(G ) ≥ 32σ2(G ) > 32 · 23n = n . Now Lemma 1.4 is applicable to G ,
so p (G ) =m +1 and vertices not on C are pairwise nonadjacent. Since G has no Hamiltonian
path, we know m ≤ n − 2, so G has at least two vertices not on C ; let u and v be two such
vertices. Since degG (u ) +degG (v ) ≥ σ2(G ) > t−3t−2n , without loss of generality, we may assume
degG (v )>
t−3
2(t−2)n .
We will abuse notation and say addition on the indicies of vertices on C are modulo m ; for
example, c0 = cm and cm+1 = c1. Define I (v ) := {i ∈ {1, 2, . . . ,m} : v ci ,v ci+2 ∈ E (G )}.
We now prove a sequence of claims.
Claim 2.1. For an integer i , ci and ci+1 cannot both have neighbors not on C .
Proof. Let x , y /∈ V (C ) such that x ci , y ci+1 ∈ E (G ). Consider C ′ = C + x ci + y ci+1 − ci ci+1. If
x = y , then C ′ is a cycle that is longer than C , which is a contradiction. If x 6= y , then C ′ is a
path on m +2 vertices, which contradicts p (G ) =m +1. See Figure 1.
ci
ci+1
x
ci
ci+1 y
x
Figure 1: ci and ci+1 cannot both have neighbors not on C .
Claim 2.2. For integers i and j where |i − j |> 1, if ci c j ∈ E (G ), then ci+1 and c j+1 cannot both
have neighbors not on C .
Proof. Let x , y /∈ V (C ) such that x ci+1, y c j+1 ∈ E (G ). Consider C ′ = C + x ci+1 + y c j+1 + ci c j −
ci ci+1 − c j c j+1. If x = y , then C ′ is a cycle that is longer than C , which is a contradiction. If
x 6= y , then C ′ is a path on m +2 vertices, which contradicts p (G ) =m +1. See Figure 2.
Claim 2.3. |I (v )|> t −3.
Proof. We will first show that n > 2t −4. Suppose to the contrary that n ≤ 2t −4. By Claim 2.1,
we know degG (v )≤ |V (C )|2 and degG (u )≤ |V (C )|2 . Now,σ2(G )≤ degG (u )+degG (v )≤ |V (C )| ≤ n−2.
On the other hand, sinceσ2(G )>
t−3
t−2n ≥ n−2 whenn ≤ 2t −4 andσ2(G ) is an integer, it follows
thatσ2(G )≥ n −1, which is a contradiction.
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Figure 2: If ci c j ∈ E (G ), then ci+1 and c j+1 cannot both have neighbors not on C .
Now, let us count the number of neighbors of v , which we know are all on C . By Claim 2.1,
there are |NG (v )| vertices on C that cannot be neighbors of v . Also, if ci ∈ NG (v ) but i /∈ I (v ),
then ci+2 /∈ NG (v ) by definition of I (v ). Hence, |NG (v )| ≤ |V (C )| − |NG (v )| − (|NG (v )| − |I (v )|).
Thus, |I (v )| ≥ 3|NG (v )| − |V (C )|> 3(t−3)2(t−2)n − (n −2) =
 
3(t−3)
2(t−2) −1

n +2> t −3.
Claim 2.4. For some cl ∈NG (u )∩NG (v ), there exist t −4 distinct elements j1, j2, . . . , jt−4 ∈ I (v )
such that c j1+1, . . . , c jt−4+1 ∈NG (cl )−{cl−1, cl+1}.
Proof. Suppose to the contrary that |{ j ∈ I (v ) : c j+1 ∈ NG (cl )− {cl−1, cl+1}}| ≤ t − 5 for all cl ∈
NG (u )∩NG (v ). For a particular i ∈ I (v ), let us count the number of neighbors of ci+1. Note that
by Claim 2.1, all neighbors of ci+1 are on C . By Claim 2.2, ci+1 cannot be adjacent to |NG (u )∪
NG (v )| −1 vertices on C . Therefore, we obtain the following inequalities:
|NG (ci+1) \ (NG (u )∩NG (v )−{ci , ci+2})| ≤ 2+ |C | −3− (|NG (u )∩NG (v )| −2)− (|NG (u )∪NG (v )| −1)
= 2+ |C | − (|NG (u )|+ |NG (v )|)
≤ n −σ2(G )
< n − t −3
t −2n =
n
t −2.
|NG (ci+1)| ≤ |NG (ci+1) \ (NG (u )∩NG (v )−{ci , ci+2})|+ |NG (ci+1)∩ (NG (u )∩NG (v )−{ci , ci+2})|
<
n
t −2 + |(NG (ci+1)−{ci , ci+2})∩NG (u )∩NG (v )|.
Let i1, . . . , it−2 be distinct elements in I (v ), which we know exist by Claim 2.3. Note that cl ∈
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NG (ci j+1)−{ci j , ci j+2} if and only if ci j+1 ∈NG (cl )−{cl−1, cl+1}. We obtain the following inequality:
degG (ci1+1) + · · ·+degG (cit−2+1)< (t −2) · nt −2 +
t−2∑
j=1
|(NG (ci j+1)−{ci j , ci j+2})∩NG (u )∩NG (v )|
= n +
∑
cl ∈NG (u )∩NG (v )
|{ j ∈ {i1, . . . , it−2} : cl ∈NG (ci j+1)−{ci j , ci j+2}}|
= n +
∑
cl ∈NG (u )∩NG (v )
|{ j ∈ {i1, . . . , it−2} : ci j+1 ∈NG (cl )−{cl−1, cl+1}}|
≤ n + (t −5)|NG (u )∩NG (v )|
≤ n + (t −5)|NG (v )|
≤ n + (t −5) |V (C )|
2
≤ n + t −5
2
(n −2) = t −3
2
n − (t −5).
Note that ci1+1, . . . , cit−2+1 are pairwise nonadjacent in G by Claim 2.2. Now, by Lemma 1.3,
degG (ci1+1) +degG (ci2+1) + · · ·+degG (cit−2+1)≥σt−2(G )≥ t −22 σ2(G )>
t −3
2
n .
This contradicts the above inequality.
We now finish the proof by explicitly finding an induced subgraph isomorphic to K1,t . Fix a
vertex cl ∈ NG (u ) ∩NG (v ), and let j1, j2, . . . , jt−4 be t − 4 distinct elements in I (v ) such that
c j1+1, . . . , c jt−4+1 ∈ NG (cl )− {cl−1, cl+1}; these elements are guaranteed to exist by Claim 2.4. We
will show that the induced subgraph of G on u ,v, cl−1, cl , cl+1, c j1+1, . . . , c jt−4+1 is isomorphic to
K1,t ; the vertex of degree t is cl .
cl u , cl v, cl cl−1, cl cl+1, cl c j1+1, cl c j2+1, . . . , cl c jt−4+1 ∈ E (G ).
Follows from the choice of cl and the choice of indices j1, . . . , jt−4.
uv /∈ E (G )
Follows from the fact that NG (v )⊂V (C ).
z cq /∈ E (G ) for z ∈ {u ,v } and q ∈ {l −1, l +1, j1 +1, . . . , jt−4 +1}.
Follows from Claim 2.1 since z is adjacent to cl , c j1 , . . . , c jt−4 .
cl−1cl+1 /∈ E (G )
If cl−1cl+1 ∈ E (G ), then G has a cycle C + cl−1cl+1 + cl c j1+1 + v c j1 + v cl − c j1c j1+1− cl−1cl −
cl cl+1 on m +1 vertices, which is a contradiction. See Figure 3.
cp cq /∈ E (G ) for p ∈ {l −1, l +1} and q ∈ { j1 +1, . . . , jt−4 +1}.
We will argue only cl−1c j1+1, cl+1c j1+1 /∈ E (G ), as the arguments for other cases are iden-
tical. The former follows from Claim 2.2 since v is adjacent to cl and c j1+2. The latter
follows from Claim 2.2 since v is adjacent to cl and c j1 .
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Figure 3: A cycle that is longer than C .
cp cq /∈ E (G ) for p ,q ∈ { j1 +1, . . . , jt−4 +1}.
Follows from Claim 2.2 since v is adjacent to both cp+1 and cq+1.
Therefore, G has an induced subgraph isomorphic to K1,t . This concludes the proof of Theo-
rem 1.2.
3 Remarks
We can actually strengthen Theorem 1.2 as in the following. We use G ∨H to denote the join
of two graphs G and H , and use K t−1 to denote t −1 pairwise nonadjacent vertices.
Theorem 3.1. For t ≥ 5, let G be a connected graph on n vertices satisfying σ2(G ) ≥ t−3t−2n. If G
has no Hamiltonian path, then n ≥ 2t −4, and moreover,
1. if n > 2t −4, then G has an induced subgraph isomorphic to K1,t .
2. if n = 2t −4, then G is of the form H ∨K t−1 where H is a graph on t −3 vertices.
Proof. If n < 2t − 4, then σ2(G ) ≥ t−3t−2n =
 
1− 1t−2

n >
 
1− 1n/2

n = n − 2. Since σ2(G ) is an
integer, this implies σ2(G ) ≥ n − 1. This further implies G has a Hamiltonian path, which is a
contradiction.
If n > 2t − 4, then one can check that the exact arguments of Theorem 1.2 hold to conclude
that G has an induced subgraph isomorphic to K1,t .
Now assume n = 2t −4. Sinceσ2(G )≥ t−3t−2n > (t−1)−3(t−1)−2n andσ2(G )≥ 23n , by Theorem 1.2 and by
Theorem 1.1,G has an induced subgraphS isomorphic to K1,t−1. Let x1, . . . , xt−1 be the vertices
of S that have degree 1 in S . Since x1, . . . , xt−1 are pairwise nonadjacent in G , we know each xi
has at mostn−(t−1) = t−3 neighbors. Since 2t−6 = t−3t−2n =σ2(G )≤ degG (xi )+degG (x j )≤ 2t−6
for each distinct pair xi , x j , we obtain that degG (xi ) = t − 3 for i ∈ {1, . . . , t − 1}. Note that
V (S )−{x1, . . . , xt−1} has exactly t −3 vertices.
Therefore,G is of the form H ∨K t−1 where H is a graph on t −3 vertices. Moreover, regardless
of H , it is not hard to see thatG satisfiesσ2(G ) =
t−3
t−2n and has neither a Hamiltonian path nor
6
an induced subgraph isomorphic to K1,t .
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